Abstract. It has been pointed out recently that the quadrupole-octopole alignment in the CMB data is significantly affected by the so-called kinetic Doppler quadrupole (DQ), which is the temperature quadrupole induced by our proper motion. Assuming our velocity is the dominant contribution to the CMB dipole we have v/c = β = (1.231 ± 0.003) × 10 −3 , which leads to a non-negligible DQ of order O(β 2 ). Here we stress that one should properly take into account that CMB data are usually not presented in true thermodynamic temperature, which induces a frequency dependent boost correction. The DQ must therefore be multiplied by a frequency-averaged factor, which we explicitly compute for several CMB maps finding that it varies between 1.67 and 2.47. This is often neglected in the literature and turns out to cause a small but non-negligible difference in the significance levels of some quadrupolerelated statistics. For instance the alignment angle in the SMICA 2013 map goes from 2.3σ to 3.3σ, whereas by neglecting the frequency dependence one would get 2.9σ instead. Moreover as a result of a proper DQ removal, the agreement across different map-making techniques is improved.
Introduction
Since the observation of the Cosmic Microwave Background (CMB) by COBE and WMAP satellites several authors have pointed out the existence of possible anomalies with respect to the standard paradigm of an isotropic ΛCDM cosmological model with Gaussian adiabatic and nearly scale-invariant primordial perturbations (see [1, 2] for an overview). The first task when investigating possible anomalies to any well-established model is to ensure that all systematics are taken into account.
Among the many systematics involving a construction of a CMB map we focus here on effects from our peculiar velocity with respect to the CMB, which induces both a Doppler and an aberration effect. The former's main effect is to introduce a large dipole. But the effects of a boost to a CMB map extend well beyond the dipole: aberration changes the arrival directions of photons and Doppler introduces a multiplicative factor and as a consequence both effects correlate the spherical harmonic coefficients in a non-trivial way (see for instance [3] [4] [5] ). It was in fact realized in [5] [6] [7] that Planck would be capable of detecting this signature and obtain an independent measurement of our velocity, which it was subsequently done in [8] . The velocity found this way is in agreement with the one responsible for the dipole, reinforcing its interpretation as having a non-primordial origin. Moreover, our velocity influences at least 3 of the discussed CMB anomalies: the low-quadrupole, the hemispherical asymmetry and the quadrupole-octopole alignment, all of which we now briefly discuss.
The first one is part of the observed lack of power in the largest scales of the sky. It has been noted that assuming a power law spectrum the first multipoles of the CMB are rather low [9] [10] [11] [12] [13] [14] : the amplitude and spectral index are in fact basically fixed by fitting the high multipoles while the low-are consistently below the average value. This is particularly true for instance for the quadrupole [15] whose amplitude is 200(µK) 2 , which is below the theoretical expectation for Planck's ΛCDM parameters, which is around 1170(µK) 2 [16] . It was first realized in [12, 17] that the Doppler effect also produces a small but non-negligible kinetic contribution to the quadrupole, which makes the measured primordial quadrupole even smaller. We will address this issue quantitatively later on in this short note.
The hemispherical asymmetry is related to an apparent modulation of the power of the CMB anisotropies in the sky. In particular, by splitting the CMB in two hemispheres there seems to be in WMAP [18] [19] [20] [21] [22] and also in Planck [2] at similar resolutions (corresponding to multipoles 600) an indication for a power asymmetry along the direction (l, b) = (225 • , 1 • ). It was realized however in [23] that our velocity introduces an important contribution to this asymmetry when one observes a wide range of scales, and the latest Planck analysis already take this into account [2] . Doing so removes the significance of a possible scale-independent power asymmetry [24] .
Finally, it seems that the three lowest multipoles might possibly not be randomly distributed in the sky as there seems to be some alignment between them in the WMAP data [12, 25] . In fact a direction for the quadrupole and octopole can be defined either by maximizing the analogous quantity to the angular momentum [26] or by using the so-called multipole vectors [27] . In both cases they are found to be extremely close to each other, which is unlikely in a Gaussian isotropic distribution: the significance of such an alignment has been estimated to correspond to a p-value of about 0.1% (see e.g. [28] ). With the release of the Planck data such an alignment seemed at face value to have turned to be less significant [2] to a p-value of 1% − 2%, but it has been pointed out [28] that this has to be corrected for the Doppler effect, which induces a velocity dependent quadrupole (kinetic Doppler quadrupole, DQ) and this brings up again the significance of the alignment to a level similar to the one found in WMAP of about 0.05% − 0.3%; note moreover that such common direction seems to be also correlated with the dipole direction, giving similar significance levels for a statistic which involves = 1, 2, 3 (see Table 5 and 7 of [28] ).
However, we stress here that due to the way in which the CMB data are presented, both by WMAP and Planck, such a correction is actually frequency-dependent, as it has been already shown in [17] and similarly to what has been discussed in [8] in a different context. This results in an effective multiplicative correction factor for each frequency map. This factor is very different from 1 for the single frequencies, being especially large at high frequencies, and therefore it has a potentially large effect in a linearly combined temperature map, such as the SMICA and NILC maps. To our knowledge such a frequency dependent factor for the DQ has only been quantitatively considered in [2] , and it has been estimated to be of 1.7 for both the SMICA and NILC maps and then it has been applied to the Wiener filtered maps of the Planck collaboration to show that the alignments have a significance of about 1%. Other groups [28, 29] have used instead just a factor of 1, which is significantly off (in one map the real value it is over 2.5, see below) and leads to a non-negligible modification of their results. In this note we make an independent estimate of this factor for several maps, including two which are not constructed by the Planck collaboration.
Frequency dependence of DQ in CMB Experiments
Both WMAP and Planck collaborations are showing at each frequency channel intensity maps which are assumed to be proportional to temperature through a linear series expansion, instead of using an exact relation between intensity and temperature and for this reason a frequency dependent factor arises. Let us briefly recall how such a factor arises for the DQ, similarly to the treatment of [17] .
A boost with a velocity v/c = β has two effects on an image of the sky: Doppler effect and aberration. The first effect is a multiplicative direction dependent factor while the second effect changes the apparent arrival direction of photons [3, 4] :
wheren is the (aberrated) arrival direction of the photons and T (n ) is the temperature observed in our reference frame. Here we assume the CMB temperature in the rest frame T (n ) to be the sum of a homogenous component plus perturbations in this way:
where by convention we assume ε = 10 −5 and so δT (n) is of order 1. If a map is completely homogeneous (ε = 0) aberration has no impact, and so its leading effect is of order ε β. The Doppler effect is nontrivial instead also if a map is completely homogeneous and in fact it induces a dipole of order β and a n th -pole of order β n , as it can be seen by expanding the multiplicative factor in eq. (2.1). Therefore, if our velocity is β ≈ 10 −3 , there is an induced dipole of order 10 −3 and a kinetic Doppler quadrupole (DQ) correction of order 10 −6 , which is not negligible. All other effects are at most of order of βε or β 3 and therefore negligible in the discussion of the alignments (but important for other purposes, such as measuring our velocity through non diagonal correlations between multipoles, as it has been shown in [5] [6] [7] [8] ).
As we already mentioned, WMAP and Planck frequency maps [30] [31] [32] [33] are not produced in terms of temperature, but in terms of intensities multiplied by a proportionality factor and so the boost induces a frequency-dependent correction in the such maps. An observer in our frame sees in fact an intensity at a given frequency ν given by:
where ν = ν γ(1 − β ·n ). In the β = 0 limit the two frames coincide and fluctuations in Intensity are given at first order in ε by:
The above approximate equation is used by the WMAP and Planck collaborations to define temperature as δI(ν)/K, which differs from the real thermodynamic temperature. We will refer to δI(ν)/K here as linearized temperature. We can in fact now write down the expansion at second order in β and first order in ε of the linearized temperature:
where we have discarded terms of order β ε or higher and where z =β ·n and
in agreement with [17] . 1 So, in addition of a dipole correction we also have a frequency dependent z 2 (quadrupole) correction and constant shift to the monopole. Using the fact that T 0 = 56.8 GHz we get that the correction factor Q(ν) has for Planck a value of about 1.5 for the 143 GHz channel and of about 2 for the 217 GHz channel, which are the main two channels which contain cosmological signal. However, in order to remove foregrounds all CMB maps come from combinations of more frequencies, so we perform here an explicit computation of the overall effective Q eff for specific maps.
In this work we analyze 4 different CMB maps: 2 produced by the Planck Collaboration (SMICA 2013 and NILC 2013), 2 produced by an independent group [34] . For both SMICA 2013 and NILC 2013 Planck provided inpainted maps where the inpainted regions are generated with a constrained Gaussian realization which assumes isotropy [35] . Although it consists of only a small 3% fraction of the sky, it is interesting to assess the effect of the inpainting assumptions, especially since the fiducial cosmology assumed in the inpainting is not discussed in detail in [31] . Using the public Planck inpainted maps [36] we find that they roughly agree with [28] (and also with [37] ), when using Q = 0 and Q = 1.
It should be noted that the inpainting masks are smaller than the so-called confidence masks of Planck, which cover 11% and 8% of the sky for SMICA and NILC, respectively. So there could be some residual foreground contamination on these inpainted maps. Probably for this reason, Planck collaboration also analyzed an alternative SMICA map with a much larger 27% mask, inpainted with a Wiener filter technique [2] . We could not compute the significance of this map because it is not publicly available. Instead, for SMICA and NILC we consider also the alternative maps provided in [29] , the only two differences being that the masked region are inpainted with a different technique and and that for NILC the inpainted region correspond to the 8% confidence mask instead of the 3% one. We dub these maps SMICA (R14) and NILC (R14).
In what concerns the quadrupole and octopole, all 4 can be summarized as a simple linear combination of the different frequency channels with a set of weights, which sum to 1. In 4 cases the weight-vectors contain 9 entries and make use of all 9 Planck channels, and in the remaining map the weight-vector contains 14 entries, combining also WMAP's 5 channels. Once we have the weights w ν i , we just compute:
We will quote the weights in order of increasing channel frequency, so that the 5 WMAP entries correspond to the frequencies (23, 30, 40, 60, 90) GHz and the 9 Planck ones to the (30, 44, 70, 100, 143, 217, 353, 545, 857) GHz channels. Given these weights, there is an important caveat: the low frequency channels (the ones measured by the LFI instrument) of the 2013 Planck release have been already treated in such a way to remove the DQ, but a bug in the code removed only half of the frequencyindependent effect (see the Appendix of [38] ). Therefore for the LFI channels we apply Q(ν) → Q(ν) − 0.5. The high frequency channels (HFI) instead have not been treated at all, as described in Appendix of [39] .
For WMAP alone the various channels are all at quite low frequency and so the Q factors are between 1.01 and 1.22. In this case the subtraction with Q = 1 obtained in [28] gives already a good approximation of the correct result.
For the Planck SMICA map, the weights provided in both Figures D.1 of [31, 33] are not the final numbers we are interested in, because they are in fact a product of 3 different functions: the actual CMB temperature weights, the conversion factors from Antenna Temperature to linearized temperature (i.e. the ratio between K of eq. (2.4) and its Rayleigh-Jeans small ν limit) and a beam and HEALPix 2 [40] pixel window function correction [31] . For the quadrupole and octopole, the last term is irrelevant. We obtained the linearized temperature weights by multiplying the unit conversion factors to the carefully inspected values of As a consistency check such numbers now sum to 1 to good precision, as they should. Keeping in mind the different units, w SMICA13 also agrees very well with the values read independently in a similar way by [41] . We could do the same with SMICA 2015, but it is unclear how the DQ was treated there. In fact in [33] it is stated that the DQ has already been subtracted and this is clearly visible in the difference of the 2013 and 2015 maps, but it is not clearly specified if the correct Q(ν) factors have been applied to the single frequency channels. Moreover, information regarding the calibration of the 2015 LFI channels has not yet been released. Unfortunately the weights for NILC 2013 are not reported in the Planck papers, so we cannot confirm the value of 1.7 obtained in [2] . In fact, the value obtained in 2015 differs from 1.7, which indicates that the weights changed between both releases. Thus, for the particular case of NILC we use this quoted value from Planck. The LGMCA maps [34] uses a component separation method which is claimed to be able to reconstruct the full sky without the need of a mask nor inpainting. Specifically the authors have released two maps: the PR1 map, which uses the 9 Planck channels and the WPR1 which uses both the WMAP 5 channels and the Planck 9 channels. The corresponding weights could be obtained from the map-construction code which is publicly available Note, again, that such PR1 and the WPR1 weights respectively sum to unity. In such case we find that the factor is 2.47 and 2.05, respectively for PR1 and WPR1. The final correction factors at = 2 range from 1.67 to 2.47 and are given in Table 1 , together with the change on the significance of the alignments, using several statistics. It is important to stress that individual Q(ν) for the higher frequencies have much larger values for Planck: for instance they are 3.1 and 4.8 for the 353 GHz and 545 GHz Planck channels, and Q eff is the result of cancellations among large contributions. Note also that we have checked that in the new release of Planck 2015 the weights have changed by a large amount, but as we already said we do not know if the correct overall Q eff has been already applied or not to the maps; this will probably be clear once the LFI calibration paper is released.
Summary of our Results
Once we have the correct Q eff factors we have then computed the significance of the alignments using three types of statistics, which make use of the multipole vectors (see [28] and references therein). The multipole vectors are a different way of expressing the same information as the a m , which consists in one amplitude and unit vectors (which sums to 2 + 1 real quantities). From the multipole vectors one can build the area vectors w j , which are cross products of the multipole vectors. One can also define instead directionsn of "maximal angular momentum", one for each [26] . For = 2 in factn 2 = w 2 /|w 2 |, but for higher multipoles the relationship is more complicated; nevertheless they both probe similar effects [43] . From the computational point of view, however, it is much simpler to compute the multipole vectors, as these can be found simply by computing the roots of a polynomial built using the a m 's of a given [44] . Forn , on the other hand, the standard practice is to rotate the a m 's in many directions (often millions) on the sky compute explicitly the "angular momentum" in each case. In order to computen 3 we made use of the code developed in [29] and made publicly available [42] . We also cross-check thatn 2 = w 2 /|w 2 | was found to hold comparing both techniques.
The first statistics is the simple relative angle betweenn 2 andn 3 , where we assign a probability assuming a flat distribution ofn 2 ·n 3 , which corresponds to random orientation of the two unit vectors. The other two statistics that we used are the S and T variables [28] which are defined instead with respect to a particular directionn and they involve the area vectors of the quadrupole and of the octopole as follows:
where A j ≡ |w j ·n|. In the present treatment we will only use as a specific directionn the direction of the dipole, which has been shown to be the one with most significant alignment according to the analysis of [28] . In other words we test the hypothesis that the dipole, quadrupole and octopole are all aligned. We will generally quote our results in σ levels (instead of p-values) which are defined through the Gaussian distribution:
In other words, we use just a straightforward generalization of the commonplace association of 1, 2, 3σ as shorthand notation for 68.3%, 95.4%, 99.73%, (independently of whether the underlying distribution is really Gaussian) and so forth. The results for our three alignment statistics are listed in Table 1 . We compare the values in 3 cases: without correcting for the kinetic quadrupole; correcting with the wrong Q eff = 1, as done in [28, 29, 45] ; and finally with the correct result, using the appropriate Q eff for each map. These results are based on a 1-tailed statistical test. In Table 2 we list the corresponding two-tailed statistics for the case of the appropriate Q eff . In fact, if one considers a quadrupole almost exactly orthogonal to the octopole also as an anomaly, then one must use both tails of the distributions forn 2 ·n 3 . A similar concern applies to S and T , whose distributions (taken from interpolation of Figure 6 of [28] , realized with 10 6 inpainted simulations) are peaked around a central value in an almost Gaussian way and so both tails should be considered to be anomalous. [29] , to depict the effect of different inpainting techniques. The use of a single tail of the distributions is the correct approach if one considers a quadrupole almost exactly orthogonal to the octopole (and also to the dipole, in the case of S and T ) as not anomalous. (*) For NILC 2013 we were unable to reproduce Q eff as the different needlet weights were not made available.
We instead rely on the number quoted in [2] .
Having computed the relevant Q eff also has an impact on the amplitude of the quadrupole and so we also show results for the "low quadrupole" anomaly. We compute the significance assuming as usual a χ 2 distribution with 5 degrees of freedom and centered around the theoretical estimate, computed using the best-fit ΛCDM parameters. For Planck SMICA 2013, this amounts to 1170 (µK) 2 . We list the results in Table 3 , both using a 1-tailed and 2-tailed statistics. It is clear that the quadrupole is in itself only at most marginally anomalous; in the case of allowing also the possibility of having a high quadrupole (which we see no reason not to) it is not anomalous at all. The effect of DQ correction turns out to be an overall increase of around 0.2σ in all the significance levels in both statistics. This seems to be of the same order as the difference among the different map making techniques, which differ mostly in their treatment of the regions close to the galactic plane.
We now also briefly discuss the possibility of other astrophysical (non-primordial) effects contributing to the quadrupole and octopole. Two such effects were studied in [29] : the ISW contribution (which affects the low-modes of the CMB) and the kinetic Sunyaev-Zel'dovich Table 2 . 2-tailed statistics for the quadrupole-octopole alignments, using the appropriate Q(ν). The use of both tails of the distributions is the correct approach if one also considers a quadrupole almost exactly orthogonal to the octopole. In the case of S and T the distribution is bell shaped and so both small and large values are to be considered anomalous. Table 3 . 1 and 2-tailed statistics for the low-quadrupole, using the appropriate Q(ν). The use of both tails of the distributions is the correct approach if one also considers a high-quadrupole also as an anomaly. The significance of the low-quadrupole in itself is marginally significant only if one neglects this.
effect (kSZ) from CMB photons scattering off moving free electrons in the local group. They found that the former made a significant impact on these large scale-modes, where as the latter effect was too small. For the low-quadrupole significance the net effect was small because ISW subtraction occurs both at the measured value and theoretical expectations. For the = 2, 3 alignments, however, they claim that after ISW corrections they became insignificant. This would imply that the alignments, if not a statistical fluke, might be fundamentally due to some interactions of the photons with large-scale structure instead of due to some primordial physics. Nevertheless the amplitude of the ISW effect was estimated in [46] to be significantly smaller and in agreement with the theoretical estimate of [47] , which if confirmed would make its effect on the alignments smaller than estimated in [29] .
Conclusions
We have analyzed the impact of the Doppler effect on the quadrupole for WMAP and Planck and we have found that it induces a correction factor which is frequency dependent and large at high frequencies. While for WMAP, which operated at smaller frequencies, such a factor is of small importance, for Planck this is not the case. The effective correction factor for Planck is equal to: 1.67 for the SMICA 2013 map, 1.7 for NILC 2013, and 2.47 and 2.05 for the PR1 and WPR1 full-sky reconstructions with the
LGMCA component separation method of [29] . We have applied such a factor to the analyses of [28, 29] finding a variable change in the significance of, in some cases as large as 1σ.
After properly correcting for the DQ we find that the quadrupole-octopole alignment in the released inpainted versions of SMICA 2013 and NILC 2013 maps (which replaces 3% of the sky) as well as the full-sky WPR1 map are significant enough to be taken in serious consideration as a possible challenge to ΛCDM. These results are also found in alternative inpaintings of SMICA and NILC, the latter of which masks a larger 8% portion of the sky. On the other hand the full sky PR1 map and the values quoted in [2] (based on different versions of SMICA and NILC, which are not public, treated with an inpainting performed on much larger region of the sky, to wit 27%) yield lower values, even after the correct subtraction of the DQ. They lead to 2.2σ, 2.4σ and 2.3σ (2-tailed statistics), respectively (where we made direct use of the values quoted in [2] ). This emphasizes the need for a better understanding of the assumptions and procedures of how the galactic region is treated, i.e. by masking and inpainting with various assumptions or by direct reconstruction.
It is important to realize that the CMB largest scales are completely cosmic-variance dominated and so improvements can only come through better understanding of the systematics, reduction of the masked portion of the sky or measurements of large-scale polarization. In effect, the DQ is also relevant for polarization, so its proper treatment will also be important there.
It is also relevant to stress that even a small change in the weights of the different channels would result in a potentially large change in the factor Q eff and therefore in the direction of the quadrupole. So, in the presence of significant uncertainties in foreground subtraction which would change the relative weights one has to be very careful in applying the correct Q eff factor to the quadrupole.
